The specific heat jump at a normal-superconducting phase transition in an anisotropic superconductor with nonmagnetic impurities is calculated within a weak-coupling mean field approximation. It is shown that its dependence on the impurity concentration is remarkably different for d x 2 −y 2 -wave and (d x 2 −y 2 + s)-wave states. This effect may be used as a test for the presence of an s-wave admixture in the cuprates.
the electron-irradiation removing the planar oxygens produces the nonmagnetic defects,has not been determined, whether the scattering centers created by Pr-doping and ion-beam damage in YBCO are purely nonmagnetic.
In the present paper we suggest that more significant features attributed to the s-wave part of the order parameter may be seen in the specific heat measurements. We study a nonmagnetic impurity effect on the specific heat jump at a superconducting-normal phase transition in anisotropic superconductors and show that the result depends on the Fermi surface (FS) averages of the first four powers of the superconducting order parameter. A particularly large difference in the specific heat jump between the states with a nonzero and a zero value of the order parameter FS average is observed. We suggest that this measurement may be used as a test for the presence of an s-wave admixture in a d x 2 −y 2 state. We takeh = k B = 1 throughout the paper.
We consider the effect of potential scattering by nonmagnetic, noninteracting impurities on the order parameter with its orbital part defined as follows ∆ (k) = ∆e (k) (1) where e (k) is a momentum-dependent function normalized by taking its average value over the Fermi surface e 2 = F S dS k n (k) e 2 (k) = 1, where F S dS k represents the integration over the Fermi surface and n (k) is the angle resolved FS density of states, which obeys F S dS k n (k) = 1. This normalization gives ∆ the meaning of the absolute magnitude of the order parameter. The function e (k) may belong to a one dimensional (1D) irreducible representation of the crystal point group or may be given by a linear combination of the basis functions of different 1D representations. The impurity effect is studied in the t-matrix approximation. 12, 13 This approach introduces two parameters describing the scattering process: c = 1/(πN 0 V i ) and Γ = n i /πN 0 , where N 0 , V i and n i are respectively the overall density of states at the Fermi level, the impurity (defect) potential and the impurity concentration. We assume an s-wave scattering by the impurities, that is V i does not have an internal momentum-dependence. It is particularly convenient to think of c as a measure of the scattering strength, with c → 0 in the unitary limit and c ≫ 1 for weak scattering i.e.
the Born limit.
The amplitude of the order parameter is determined by the mean-field self-consistent equation
where T is the temperature, ξ k is the quasiparticle energy, ω = πT (2n + 1) (n is an integer), and V (k, k ′ ) is the phenomenological pair potential taken as
We have assumed a particle-hole symmetry of a quasiparticle spectrum. The renormalized Matsubara frequencyω (k) and the renormalized order parameter∆ (k) are then given bỹ
with the self-energies defined as follows
and the g 0 , g 1 functions determined by the self-consistent equations
To proceed further, we restrict the wave vectors of the electron self-energy and pairing potential to the Fermi surface and replace k by N 0 F S dS k n (k) dξ k . Integrated over ξ k the gap equation (2) can be transformed after a standard procedure 14 into ln
where the f ω function is defined as follows
We expand Eq. (8) in powers of ∆ 2 around ∆ = 0 using the relations (4)- (7) . Keeping up to the fourth power terms in ∆ we get the gap equation in the Ginzburg-Landau regime
where the coefficients are given by
Taking the derivatives with respect to ∆
and with a use of the relations given in Eqs. (4)- (7) we calculate f 0 and f 1 coefficients 
where ̺ = [Γ/(c 2 + 1)] / (2πT ) and ψ, ψ (n) (n = 1, 2, 3) are the polygamma functions. e , e 3 , and e 4 . These averages enter the free energy and determine the thermodynamic properties at the phase transition. In this paper we discuss a specific heat jump at T c ,
, where C S (T c ) and C N (T c ), respectively are the specific heat of the superconducting and normal state,
and finally, f 0 from Eq. (15) yields
where ̺ c is ̺ at T = T c . This rather cumbersome formula, when considered along with Eq.
(16), reduces significantly for e = 0 case
where
Eq. (19) agrees with the result obtained by Hirschfeld et al. 13 as well as that by Suzumura and Schulz 17 in the Born limit.
It is informative to discuss the limiting cases of Eq. (18), that is a pure system where ̺ c = 0 and a highly impure one with ̺ c → ∞ in which T c → 0 suppressed by the impurities.
Using a series representation of f 1 function 15 we get in ̺ c = 0 limit
The ̺ c → ∞ limit is obtained with a use of Eq. (16) and asymptotic forms of polygamma functions. 16 There are two cases to distinguish here. First, when the Fermi surface average of the order parameter e = 0 then
and the second, 18 with e = 0, which leads to
We note, that a specific heat jump value in ̺ c → ∞ limit for a nonzero value of e given by Eq. (21) agrees with that of an isotropic s-wave superconductor. This fact has a simple intuitive interpretation. A nonzero Fermi surface average of the order parameter leads to an asymptotic power-law critical temperature suppression for large impurity concentration
, therefore T c is almost constant for large Γ values. The impurity effect, then, in the large impurity concentration range is the same as in the case of s-wave superconductivity, where T c is not changed by the nonmagnetic impurities. Indeed, as it has been shown for the representative order parameters, 19,20 the gap anisotropy is smeared out by the isotropic scattering when e = 0 and the density of states approaches that of an isotropic s-wave superconductor. Alternatively, for e = 0 we observe a strong impurity-induced suppression of the critical temperature 6,7 leading to a zero value at finite impurity concentration, which is reflected by a zero specific heat jump limit value in Eq. (22) . As a nonzero value of e can be achieved only when e (k) contains a component belonging to an identity representation of the crystal point group, the measurement of the specific heat jump at the phase transition in the limit of T c → 0 (and large impurity concentration) may be used as a stringent test for the occurrence of even a small A 1g admixture to the order parameter. It should be noted that the effect at large impurity concentration for e = 0 (Eq. (21)) is independent of the amount of the s-wave content in the order parameter, however, as we discuss below, it may be hard to detect for a very small s-wave component as it would require an experiment at low temperatures.
We discuss our results in a context of high-T c superconductivity, considering a d x 2 −y 2 state, 1 that is the order parameter given by Eq. (1) with e (k) = k
As we have mentioned above, our main result that is the value of the specific heat jump at T c → 0 is independent of the amplitude of the s-wave component and its origin. However, in order to establish a quantitative behavior of ∆C(T c ) in a whole range of impurity-doping we must work with a particular level of s-wave admixture. We do this by assuming that the s-wave component is an artifact of an orthorhombic anisotropy of the system and relate the amount of the s-wave admixture to the degree of this anisotropy. 
where ϕ is the polar angle. In order to clarify the terminology, we will refer to the circular 
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Based on the discussion of the specific heat jump for a large impurity concentration in
Eqs. (21)- (22) we observe a strong T c suppression by the nonmagnetic impurities and a fast decrease in the specific heat jump as long as a significant d-wave component is present. Once it is almost destroyed and the s-wave part, which is insensitive to the nonmagnetic defects, prevails, the BCS normalized specific heat jump value of about 1.426 is restored in a sudden increase of
The general tendency of the T c suppression, given by Eq. (10) at ∆ = 0, changes at that doping level too and the critical temperature asymptotically goes to zero (Fig. 3) . For the sake of comparison we show in Fig. 4 
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We have derived the specific heat jump from a mean field weak-coupling theory, neglecting the fluctuations and the strong-coupling effects. As the observation of thermodynamic fluctuations in the specific heat of crystals of YBCO has been reported, 25 we expect our BCS result to be modified by the deviations from the mean field approximation. We hope, however, that the feature of a sharp upturn in the specific heat will be still present. The strong-coupling corrections will rescale the scattering rates 7 and may change the magnitude of the specific heat jump.
26,27
In conclusion, we have calculated the electronic specific heat difference between superconducting and normal state at the phase transition as a function of nonmagnetic impurity scattering rate in the general case of an anisotropic superconductor. We have found that the result depends on the symmetry of the order parameter, given by a function e(k), and that of the Fermi surface through the following FS averages: e , e 3 and e 4 . A remarkably different dependence of the specific heat jump on the impurity concentration for the systems with e = 0 and e = 0 is observed. We suggest that this effect may be used as a test for the s-wave component in the order parameter of the cuprates. 
